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Abstract. We extend the notion of "coupling with a fohation" from Poisson 
to Dirac structures and get the corresponding generahzation of the Vorobiev 
characterization of coupHng Poisson structures |20[I18| . We show that any Dirac 
structure is couphng with the fibers of a tubular neighborhood of an embedded 
presymplectic leaf, give new proofs of the results of Dufour and Wade [HI on the 
transversal Poisson structure, and compute the Vorobiev structure of the total 
space of a normal bundle of the leaf. Finally, we use the coupling condition 
along a submanifold, instead of a foliation, in order to discuss submanifolds 
of a Dirac manifold which have differentiable, induced Dirac structures. In 
particular, we get an invariant that reminds the second fundamental form of a 
submanifold of a Riemannian manifold. 



1 Introduction 

In this paper, the functions, manifolds, bundles, etc. are assumed to be dif- 
ferentiable of class C°° . The Dirac structures were first defined by T. Courant 
and A. Weinstein [2] and studied in Courant's thesis 4J. Dirac structures are 
important because they provide a unified view of Poisson and presymplectic 
structures, and generalize both. Later, I. Dorfman jH] extended the notion 
of a Dirac structure to complexes over Lie algebras. On the other hand, the 
bracket used by Courant was extended by Z.-J. Liu, A. Weinstein and P. Xu 
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[T^ to a notion of Courant algebroid and the corresponding generalization of 
Dirac structures were introduced and used in [121. extension of the orig- 
inal Courant bracket, which is not a Courant algebroid bracket but includes 
the Jacobi structures in the scheme, was defined by Ai'sa Wade pij . 

For the reader's convenience, we recall the general definitions of ^1^] in 
a slightly different form. A Courant algebroid is a vector bundle p : C M 
endowed with a non-degenerate, pseudo-Euclidean metric g E T q"^ C {T 
denotes spaces of cross sections and denotes symmetric tensor product), a 
morphism p : C ^ TM (the anchor) and a skew-symmetric bracket [ , ] c : 
TC xTC ^ TC such that: 

P[Cl,C2]c = [PC1,PC2]TM, 
ii) Ecj/d(l,2,3)[[Cl,C2]c,C3]c = |^{Ecyd(l,2,3) f ( C2]c, C3) }, 

in) {pc){g{ci, C2)} = g{\c, Ci]c + dg{c, Ci), Ca) + g{ci, [c, Ca]^ + dg{c, Ca)), 

where c„ G TC (a = 1,2,3) and, if / G C°^(M), df = {l/2)^g p{df) 
(* denotes transposition and the "musical morphisms" are defined like in 
Riemannian geometry), equivalently, 

(1-1) g{c,df) = ^{pc)f. 

(Further basic properties of Courant algebroids may be found, for example, 

in [laiini.) 

The most important Courant algebroids are the so called doubles of Lie 
bialgebroids ^21 ■ describe them by means of the notion of a para- 
Hermitian structure on a pseudo-Euclidean bundle {C,g) (e.g., 0) that is, a 
bundle morphism F : C ^ C such that 

(1.2) = Id., g{Fcu FC2) = -g{cu c^) (Vci,2 G TC). 

A para-Hermitian vector bundle {C,g,F) decomposes as C = C+ © C^, 
where the components are the (±l)-eigenspaces of F, respectively, and the 
projections onto these components are 

(1.3) F± = i(M±F). 

Moreover, C± are maximal isotropic with respect to g, the latter must be 
neutral (i.e., of signature zero), and one has isomorphisms bg : C± 
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(the star denotes the dual bundle). Furthermore, the bundle also has the 
non-degenerate 2-form 



(1.4) uj{ci,C2) = g{ci,Fc2) {lj{Fci,Fc2) = -uj{ci,C2)) 

and the subbundles C± are tu-Lagrangian. All these facts apply to para- 
Hermitian vector spaces, which is the case where the basis M is a point. 

A Courant algebroid {C,g,p, [, ]c) will be called para-Hermitian if it is 
endowed with Hermitian structure F such that the subbundles C± 

are closed with respect to the bracket [, ]c i.e., Vci,C2 G TC, one has 

(1.5) F_[F+ci,F+C2]c = 0, F+[F_ci,F„C2]c = 0. 

Taking into account the expression of F± and the property = Id., we 
see that the two conditions above are equivalent with the following single 
condition 

(1.6) [Fci, Fc2]c - F[Fci, C2]c - F[c,, Fc2]c + [ci, Csjc = 0, 

which will be called the integrability condition of F, because this is the inte- 
grability condition of a para-Hermitian structure on the tangent bundle of a 
manifold. 

Since the subbundles C± are (yf-isotropic, the Courant algebroid axioms 
imply that the vector bundle structure of a para-Hermitian Courant algebroid 
is that of a direct sum of two dual Lie algebroids of anchors p o F+, p o F_. 
Moreover, the Lie algebroid brackets of C± together with F and g determine 
the Courant bracket of C. Indeed, from p.3|) and p.Sp . it follows that 

F4ci,C2]c=[F+ci,F+C2]c + F+{[F+ci,F.C2]c+[F-C,,F+C2]c), 
F-[ci,C2]c = [F^ci,F_C2]c + F4[F+cuF.C2]c+[F-Ci,F+C2]c). 

Then, by writing down axiom iii) of the definition of a Courant algebroid for 
triples (F+c, F+ci, F_C2), (F_C2, -F_ci, F+c), instead of (c, ci,C2), using ()l.ip 
and conveniently permuting (c, ci,C2), we get the formulas 

g{F+c, [F+ci, F_C2]c) = g{F-C2, [F+c, F+ci]c) 
+ (pF+ci)((7(F+c,F_C2)) - i(pF+c)((7(F+ci,F_C2)), 

g{F^c, [F+ci, F_C2]c) = ~g{F+c,, [F_c, F_C2]c) 
+ (pF_C2)((7(F_c,F+ci)) + i(pF_c)((7(F+ci,F_C2)). 
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These formulas define the brackets [-F+Ci, F_C2]c, which, together with (jl.7p . 
proves the previous assertion. 

Accordingly, one can see that the notion of a para-Hermitian Courant 
algebroid is the same as that of the double of a Lie bialgebroid [T^ . 

An almost Dirac structure of the para-Hermitian Courant algebroid C is 
a maximal (^-isotropic subbundle L of C ^31- The isotropy property may be 
expressed by 

(1.9) g{F+h, F_h) + g{F-h, F+k) = 0, V/i, h e TL. 

The algebraic properties of almost Dirac structures were discussed in 
Put p± = F±\l. Then, kerp± = fl L, and we get the subbundles 

L± = imp± ^ L/C^ n L. 

It is easy to see that ker{ijj\L) = (C+ fl L) © (C_ fl L), where u is the 2-form 
fll.4|) . Hence, the subbundles L± have induced 2-forms defined by 

(1.10) uj'^iF+h, F+h) = uj'liFJi, FJ2) = uj{h, h) 

= 2g{F_h, F+h) = -2giF+k, F.k), h, h e TL. 

It is possible to reconstruct L from each of the pairs {L±,uj^). Namely, 
with (jl.lU|) one gets 

L = {c/ F4c) G L+, giF4c),u) = |a;^(F+(c),M), Vm G 
L = {c/ F4c) G L_, giF+ic),v) = -lu^{F4c),v),\fv G 

In particular, if L+ = C+, L is determined by the 2-form uj^ on C+ and 
it may be called an almost presymplectic structure. In this case, the first for- 
mula ()1.11|1 shows that L may be identified with the graph of the mapping 
(l/2)tl(, o b^^ : (7+ — > C_. If L_ = C_, L is determined by the 2-form u_ on 
C_, it may be called an almost Poisson structure and it is the graph of the 
mapping —{l/2)^g o : C_ C+. The condition = is equivalent 
with the surjectivity of p^, i.e., with kerp^ = C_ fl L = {0}, and this latter 
condition also characterizes the almost presymplectic case. Similarly, the 
almost Poisson case is also characterized by C+ fl L = {0}. 
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Finally, a Dirac structure is an almost Dirac structure which is closed 
with respect to the bracket [, ]c- Equivalently, L C C is a Dirac structure if 
it is maximal isotropic and VZa G TL (a = 1, 2, 3) one has 

(1.12) g{[h,l2]cJ3) = 0. 

From the axioms of the Courant algebroids it follows that if L is a Dirac 
structure then {L,p\l, [, ]c) is a Lie algebroid. 

In this paper, we will only be interested in the classical Courant case ^ . 
That is C = TM © T*M with p{X, a) = X, 

(1.13) giiX, a), (F, /?)) = i(/?(X) + a(r)), F(X, a) = (X, -a), 
therefore, 

(1.14) co{{X,a),{Y,P)) = i(a(r) -/3(X)), 
and with the bracket 

(1.15) [(X, a), (y, P)] = ([X, Y], LxP - Lya + rf(cu((X, a), {¥, /?)))) 

= ([X, Y],tiX)dP - i{Y)da + U{P{X) - a{Y))). 

In the previous formulas, X, Y are vector fields and a, /3 are 1-forms on the 
differentiable manifold M, and the bracket of vector fields is the usual Lie 
bracket. Notice that C+ = TM, C_ = T*M and the Courant bracket reduces 
to zero on T*M. 

Then, a (almost) Dirac structure of TM ®T*M is called a (almost) Dirac 
structure on the manifold M. By the first formula p.ll|) . an almost Dirac 
structure L of M is determined by a generalized distribution L_|_ C TM 
endowed with a 2-form uj^, namely: 

(1.16) L = {(X,a)/X G = b^LX}. 

By a technical computation, it follows from p.l6|) that L is a Dirac structure 
iff is integrable and the form uj^ is closed on the leaves of [4J. Accord- 
ingly, a Dirac structure on M is equivalent with a generalized foliation with 
presymplectic leaves where the presymplectic form depends differentiably of 
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the leaves. If the leaves are symplectic we have a Poisson structure, and if the 
leaves are the connected components of M we have a presymplectic structure 
(of a non- const ant rank) on M . 

Jacobi structures on a manifold M may be seen as a particular case of 
Dirac structures on M x M. Namely, a Jacobi structure on M is equivalent 
with a Poisson homogeneous structure on M x M (e.g., [7J. We recall that 
the Poisson structure defined by the bivector field P is homogeneous if there 
exists a vector field Z such that P + LzP = 0. This is equivalent with 
the fact that the Dirac structure L{P) = {{^6,6) / 6 G T*M} is such that 
V(X, 9) e L{P) one has (X + [Z, X], LzO) e L{P). The latter property may 
be attributed to a general Dirac structure L, thus, producing the notion of 
a general homogeneous Dirac structure. A more sophisticated way to see 
Jacobi structures as Dirac was proposed in fH] . 

Furthermore, we will be interested in the case where the manifold M is 
also endowed with a regular foliation JF, and our aim is to extend the notion 
of J-" -coupling from Poisson structures to Dirac structures. Poisson struc- 
tures coupling with a fibration were studied by Vorobiev then, extended 
to foliated manifolds in They proved to be important in the study of 
the geometry of a Poisson structure in the neighborhood of an embedded 
symplectic leaf PUI. In 0], Dufour and Wade study a Dirac structure in the 
neighborhood of a presymplectic leaf and (in our terms) show that the struc- 
ture is coupling with respect to the fibers of a tubular neighborhood. In the 
present paper we will define the coupling property of a Dirac structure with 
respect to an arbitrary foliation and extend Vorobiev's results. In particular, 
we will give geometric proofs of some of the results of jH]. 

Since this paper is a continuation of ^H], and in order to avoid repetition, 
we will use the same notation for everything related with the foliation. In 
particular, we assume that dim M = n, dim J-' = p,q = n — p, and we 
denote by Q*{M),V*{M) the spaces of differential forms and multivector 
fields on M. We will use a normal bundle H, i.e., TM = H ® F, F = TJ^, 
and T*M = H* ® F* for the dual bundles H* = annF,F* = annH {arm 
denotes the annihilator space). We will also use the corresponding bigrading 
of differential forms and multivector fields and the induced decomposition 

(1.17) Ci = d'l^o + <1 + ^2,-1 

of the exterior differential. 
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2 Coupling Dirac structures 



Let (M, JF) be a foliated manifold as described at the end of Section 1. From 
[THj . we recall that a bivector field P G V^(M) is jF-almost coupling via the 
normal bundle if if P = P20 + where the indices denote the bidegree, 
i.e., P' G r P" G r P. In this case, P satisfies the Poisson condition 
[P, P] = iff the following four conditions hold: 

(Lj^,^P')(a,/5) = rf'7(tlp'a,tlp'/5), 
(Lj^,AP')(«,/5) = -A([tlp'a,M), 
(^«p,7n(A,/i) = 0, 
(^Sp»z^^')(A,/i) = c?'V(tlp"A,tlp"/i), 

where a,/5,7 G r]^'0(M), A, /i, z/ G fi°'i(M). 

Accordingly, the generalization of the almost coupling condition has to 
ask for a decomposition of the Dirac structure into an P-component and an 
if-component. 

Definition 2.1. Let L C TM © T*M be a maximal isotropic subbundle. 
Denote 

(2.2) LH = Ln{H® H*), LF = Ln{F® P*). 
Then, the almost Dirac structure L is J^-almost coupling via H if 

(2.3) L = Lh®Lf. 

Therefore, L is almost coupling iff {Z^9) G L is equivalent with (X, a), 
(y. A) G L, where Z = X+Y, 6 = a+A, X G TiJ, F G TP, a G TH*, A G FP*. 
Another important observation that follows from ()2.3|) is that Lh,Lf are 
maximal isotropic in if © H*, P © P*, respectively, for the metrics induced 
by g of (jl.l3j) . It follows easily that the bivector field P is .P-almost coupling 
via H iff the subbundle L{P) satisfies condition (j2.3|) . If L = L{t) is an 
almost presymplectic structure defined by a 2- form r, almost coupling via H 
holds iff r = + To2) where, again, indices denote the bidegree. 

In the almost coupling situation, the integrability condition of a maxi- 
mally isotropic subbundle L C TM © T*M extends conditions (j2.ip . 
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Proposition 2.1. The J-'-almost coupling, almost Dirac structure L C TM© 
T*M is a Dirac structure iff, V(X, a) G rL//,V(y, A) G TLp, the following 
four conditions hold: 

Ec.d(l,2,3){^l(«2(X3)) + a,{[X„X,])} = 0, 
(Lya2)(Xi) +ai([r,X2]) = A([Xi,X2]), 
{LxXi){Y2) + X2{[X,Yi]) = 0, 
{[Y,,Y2liiY,)d"\,-iiY2)d"\, + d"i\2iY,))) G L^. 

Proof. Since L is isotropic, by (jl.9j) . V(Za, 6'a) G L (a = 1, 2) we have 

(2.5) e,{Z2) + 02{Z,)=O. 

Then, since F is involutive and using the decomposition ()1.17p . the second 
expression (jl.l5j) of the Courant bracket yields 

(2.6) [(Xi,ai),(X2,a2)] = {prnlX^, X2],t{X,)d'a2 - t{X2)d'a, 
+d'{a2{X,))) + {prF[XuX2],t{X,)d"a2 - i{X2)d"ai + d"{a2{X,))), 

(2.7) [(X,a),(F,A)] = {prH[X,Y],z{X)dX - t{Y)d"a) 

+ iprp[X,Y],t{X)d'X), 

(2.8) [(Fi,Ai),(F2,A2)] = {0,^{Y^)d'X2-^{Y2)d'X^ + d'{\2{Y^))) 

+ i[Y^,Y2],^iY^)d"X2-^iY2)d"X^ + d"i\2iY,))), 

where pr denotes natural projections and the terms are H © H* and F © 
F* components, respectively. In the almost coupling situation, integrability 
means that these components always belong to Lh,Lp, respectively. 

The second term of (j2.8p yields the fourth condition (j2.4j) . Since d" is 
exterior differentiation along the leaves of J-', this condition is equivalent 
with the fact that Lp consists of Dirac structures on the leaves of we will 
say that Lp is a leaf-tangent Dirac structure on {M,J-'). 

By maximal isotropy, the (if ©if*)-component of ()2.8p belongs to Lh iff, 
V(X, a) G TLh, the 1-form of the first term of the right hand side of (j2.8|) 
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vanishes on X. The result of this evaluation exactly is the third condition 

(El. 

The terms of the decompositions ()2.7|) . ()2.6|) will be treated in a similar 
way, i.e., using maximal isotropy and evaluations of exterior differentials. The 
computations show that the condition provided by the {F © F*)-component 
of (j2.7|) is again the third condition (j2.4j) . and the condition provided by 
the {H © if*)-component of (j2.7|) is the second condition (j2.4j) . Then, the 
condition provided by the {F © F*)-component of ()2.6p is again the second 
condition ()2.4|) . and the condition provided by the {H © /f*)-component of 
firT)]) is the first condition □ 

Remark 2.1. With a few computations, one can see that the Poisson con- 
ditions ()2.1|) for an almost coupling bivector field are exactly the Dirac con- 
ditions ()2.4|) for the subbundle L{P), and in the same order. If only the 
component Lp is of the almost Poisson type, i.e., the graph of a bivector 
field n G F -F, the last formula (|2.4p means that 11 must be a leaf-tangent 
Poisson structure of and, by putting Ya = tln-^a = 1, 2) in the third 

formula ()2.4|) . the latter becomes 

(2.9) (Lxn)(Ai,A2) = 0. 

Now, on a foliated manifold (M, JF), a bivector field P is jF-coupling if 
^p{annF) is a normal bundle of the foliation JF. In order to extend this 
notion, with any maximal isotropic subbundle L C TM (BT*M, we associate 
the possibly non-differentiable, generalized distribution of M defined by 

(2.10) H.^{L,J^) = {Z eT^M /3a e annF^k{Z,a) E L} (x E M). 
Then, state the following: 

Definition 2.2. The almost Dirac structure L is J^-coupling if the distribu- 
tion H = H{L, JF) is normal to the foliation JF at each point x E M. 

Proposition 2.2. If the subbundle L is T -coupling, \/x E M , is T -almost 
coupling at x via = Hx{L, JF). Furthermore, the {H © H*)-component of 
Lx is the graph of a mapping b^-^ : — > defined by some ax E /\^{ann F^), 
and the {F © F*)-component of is the graph of a mapping jjn^ : F* ^ F^ 
defined by some Tlx E A'^Fx. Moreover, H = H{L,T) is a differentiable, 
normal bundle of T such that L is -almost coupling via H , and the global 
cross sections a G F [ann F), 11 G F A^ -F are differentiable. 
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Proof. The following considerations are at a fixed point x G M, which we do 
not include in the notation. With H = H{L, T) as the normal space of T 
at X, take (Z, 6) E L and decompose Z = X + Y , X E H,Y E F. By the 
definition of H, 3a G H* such that (X, a) G L, and we get a decomposition 

(2.11) (Z,A) = (X,a) + (F,^^-a), 

where the terms belong to L. Then, VX' G H with a corresponding covector 
a' such that (X', a') G L, ()2.5|) implies 

(e-a)(X') = -a'{Y) = 0. 

Hence 6 — a E F* and ()2.11|1 implies the almost coupling property ()2.H|1 at 
x. 

Furthermore, if (X, a), (X, a') G L, where a, a' G if*, we get (0, a' — a) G 
L and the isotropy of L together with the coupling hypothesis imply a' = a. 
Therefore, VX G H, the covector a G ann F such that (X, a) G L is unique 
and Lh is the graph of a morphism b^, cr G A^H*. Notice also that the 
uniqueness of a is equivalent with 

(2.12) Lr]annF = {0}. 

On the other hand, the definition of H implies L (1 F ^ H , therefore, in the 
coupling case, L n F = {0} and (see the Introduction) Lp must be of the 
almost Poisson type, whence the existence of 11. 

Finally, we will prove the differentiability of the distribution H{L,J-'). 
For this purpose, let us consider the subspaces 

(2.13) H{L,J^) = {{Z,a) EL/aEannF} = Lf] [TM © {ann F)] 
at each point of M. Then, ker p+\g^j^ = L fl annF and 

(2.14) H{L,J^) =p+{H{L,T)) ^ H{L,J^)/{LnannF). 

In the coupling case, because of ()2.12|) . P+\h(^l,j^) isomorphism and we 
are done if we prove the differentiability of H{L, JF). In a neighborhood of a 
point X, let {a"}, {A"} and {{Zi, 9i = OiaU"- + 6'j„A")} be differentiable, local 
bases of H*, F* and L, respectively. Then, 

H{L,J^) = {{eZ„C0^)/9U' = 0} 
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(here and in the whole paper we use the Einstein summation convention), 
and we see that H{L,J-') is locally generated by fundamental solutions of 
a linear, homogeneous system of equations with differentiable coefficients. 
But, if the rank of the latter is constant (and under the coupling hypothesis 
the rank is n — g), differentiable, fundamental solutions exist. Of course, the 
differentiability of H also implies the differentiability of the 2-form a and of 
the bivector field 11. □ 

Hereafter, in the coupling situation we will use only H{L, JF) as the normal 
bundle and shortly denote it by H. The coupling situation is interesting 
precisely because it provides a canonical normal bundle of JF. 

Proposition 2.3. An J-'-coupling, almost Dirac structure L C T M ®T* M is 
equivalent with a triple {H, a, 11) where H is a normal bundle of the foliation 
J^, a eV {ann F) andUeV F. 

Proof. We have already derived the triple from the subbundle L. Such a triple 
is called a system of geometric data [201 IH] • Conversely, if the geometric data 
are given, we reconstruct L = Lh (B Lp hy defining Lh as the graph of b^- 
and Lp as the graph of tin- In other words, we have 

(2.15) L = {{X, KX) + (HnA, X) / X e H, X e F*}. 

□ 

Corollary 2.1. On (M, JF), the almost Dirac structure L is J-'-coupling iff 

(2.16) Ln{F®annF) = {0}. 

Proof. Condition (j2.16j) is an immediate consequence of (j2.15j) . Conversely, 
fl2.16|) implies H (1 F = {0} and H ^ H. On the other hand, by looking at 
dimensions, fl2.16|) also implies L © (F © annF) = TM © T*M, therefore, 
L + {TM®annF) = TM®T*M, and from TU^ we get dimH = dim H = 
q. □ 

Remark 2.2. An almost Poisson structure L{P) defined by the bivector 
field P is coupling iff there exists a normal bundle H of the foliation T that 
yields P = P2 Q + Pq 2 where P' is non degenerate [20]. In the case of an 
almost presymplectic structure L(r) defined by a 2-form r, if(L(r),jF) is 
the r-orthogonal distribution of F and the coupling condition holds iff the 
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former is a complementary distribution of the latter. Equivalently, L{t) is 
jF-coupling iff there exists a normal bundle H that yields a decomposition 



(2.17) 



^ = ^2,0 + 




where r" is non degenerate. 

Remark 2.3. One can also define the notion of an jF-coupling Dirac struc- 
ture in a dual way. Namely, for any almost Dirac structure L C TM © T*M 
of the foliated manifold (M, J-"), we may define the generalized codistribution 
(a field of subspaces of the fibers of T*M with a varying dimension) 



(2.18) K* = K*{L,J^) = {9eT*M/3Y eF^k{Y,9)eL^} {x e M). 



K* may not be different iable, i.e., it may not have local generators defined 
by differentiable 1-forms. Then, it follows that L is .F-coupling iff 



Indeed, by dualizing the proof of Proposition l2.2l we see that condition ()2.19p 
also obliges L to be of the form ()2.15|) . Notice also that, in the coupling case, 
the decomposition (IZTn|) is the dual of TM = H ® F ioi H given by THJ^ . 

The integrability conditions of a coupling Dirac structure may also be 
expressed by means of the associated geometric data like in the Poisson case 



Proposition 2.4. An J-'-coupling almost Dirac structure L C TM © T*M 
of a foliated manifold (M, J-') is a Dirac structure iff its associated geometric 
data {H, a, 11) satisfy the following conditions: 

i) U is a leaf-tangent Poisson structure on {M,J^), i.e., its restriction to 
each leaf is a Poisson structure of the leaf; 

a) d'a = 0, equivalently, da{Xi, X2, X^,) = 0, WXi, X2, X3 G TH; 

Hi) for any projectable (to the space of leaves of J^) vector fields Xi, X2 G 
Tprli (pr denotes projectability) one has 



(2.19) 



T*M = {annF)®K\ 



[213 EE!. 



prf[Xi,X2] = tln(ci"(a(Xi,X2))); 



iv) for any projectable vector field X G TprH one has LxH = 0. 
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Proof. Condition i) is the equivalent of the fourth formula (j2.4j) ii Lp = 1/(11) 
is the graph of 11. In the coupling case, if we put = (c^ = 1) 2, 3) in 
the first formula ()2.4|) . we get condition ii). The similar replacement of the 
forms a in the second formula ()2.4|) puts the latter into the form 

(2.20) (Lya)(Xi,X2) = -A([Xi,X2]), VF = fcA, VA G F*,^X,,X2 G TH. 

Since this condition is invariant by multiplication of the arguments X by 
any / G C°°(M), it suffices to ask ()2.20|) for projectable arguments. But, 
X G TprH iff [Y, X] G TF, VF G TF [15J, and we see that TTK^ is equivalent 
with 

(tlnA)K^i,^2)) = -A([Xi,X2]), 

which exactly is condition iii) of the proposition. Similarly, it suffices to use a 
projectable argument X in the third formula (j2.4j) . Then, the third formula 
fl2.4|) becomes ([X, jjuA], LjscA) G rL(n), which is equivalent with condition 
iv). □ 

Remark 2.4. Conditions i)-iv) of Proposition are the same as Vorobiev's 
conditions ITH] of the Poisson case, except for the fact that the 2-form 
a may degenerate. In these conditions were included by definition. In 
the presymplectic case, where the structure is defined by the closed 2-form 
T of (j2.17|) with a non degenerate component r", condition i) means that 
t" defines symplectic structures on the leaves of JF, and conditions ii) - iv) 
become 

(2.21) d'r' = 0, d"{T'{X,, X2)) = K"{prF[Xi, X,]), Lxt" = 0, 

VX, Xi,X2 G TprH. It is easy to see that these conditions are equivalent 
with 

(2.22) d"T" = 0, d'r' = 0, rf'V + dr" = 0, d'r" = 0, 
which are the homogeneous components of dr = 0. 



3 Dirac structures near a presymplectic leaf 

We continue to use the notation of the previous sections. A presymplectic leaf 
of a Dirac structure L of a differentiable manifold M is an integral submani- 
fold of the distribution defined in Section 1. In [Hj, it was proven that, in 



13 



a tubular neighborhood of an embedded presymplectic leaf, any Dirac struc- 
ture L is coupling with respect to the fibers of the tubular structure. This 
result, which extends the similar one in Poisson geometry [20], describes the 
geometry of a Dirac structure near an embedded presymplectic leaf. Below, 
we give an invariant proof of this result. 

Proposition 3.1. Let L he a Dirac structure on the foliated manifold (M, T). 
Assume that L has a presymplectic leaf S such that TsM = TS (BF\s. Then, 
there exists an open neighborhood U of S in M such that L\u is coupling with 
respect to J-' nU. 

Proof. We will refer to bidegrees defined by the decomposition TgM = TS © 
F\i^, where we know that TS = L^s- Then, for all X G TS, there exists a 
covector a G T*S of bidegree (1, 0) equal to b^^i-X on TS, and shows 
that {X,a) G L. The conclusion is that L\s is the presymplectic structure 
of S and H{L,J^)\s = TS, therefore, L is jF-coupling along S. By Corollary 
12.11 this is equivalent with 

(3.1) [L + {F®annF)]s = TsM®T;M, 

and, since its left hand side is differentiable, (j3.1|) also holds on an open 
neighborhood U of S. □ 

Corollary 3.1. |H| Assume that the Dirac structure L of a manifold M has 
an embedded leaf S. Then, on a sufficiently small tubular neighborhood U of 
S , with the foliation JF defined by the fibers of the tubular structure, L may 
be put under the form ()2.15p . where {H,a G F {annF),I{ G T /\^ F) is 
a triple of geometric data that satisfies the integrability conditions i)-iv) of 
Proposition MAV and 11 is a Poisson structure which vanishes on S. 

Remark 3.1. jHj The previous corollary implies the fact that all the presym- 
plectic leaves of a Dirac structure have the same parity. Indeed, with the 
notation of the corollary, at a point near 5*, L+ is a direct sum of a subspace 
of dimension dim S and a subspace tangent to a symplectic leaf of 11, which 
has an even dimension. 

Following [QJ, we say that FI is the transversal Poisson structure of the 
leaf S. The following proposition shows that the transversal structure is 
essentially unique. 
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Proposition 3.2. [5] The transverse Poisson structure of an embedded presym- 
plectic leaf of a Dirac structure is unique up to Poisson equivalence. 



Proof. We get two transversal structures Hi, 112 if "we use two tubular neigh- 
borhoods Ui, 1/2. The isotopy of the latter [10] yields a leaf-preserving diffeo- 
morphism $ : f/i — f/2, which may be seen as the composition of maps in the 
flows of projectable vector fields X on Ui. But, the ()2.9|) implies LxH = 
for all the projectable vector fields. Hence, by the integrability condition iv) 
of Proposition I2.4[ $*ni = 112 (after shrinking the tubular neighborhoods if 
necessary) . □ 

In what follows we consider the Vorobiev- Poisson structure [201 ^] in the 
case of an embedded, presymplectic leaf 5* of a Dirac structure L. 

From the general result on Lie algebroids given by Theorem 2.1 of [TT, 
it follows that the vector bundle L\s has a well defined induced structure of 
a transitive Lie algebroid over S with the anchor and bracket defined by 

,3.2) , , . 

[(Xi,^l),(X2,e2)]5 = ([Xi,X2],L^^^2 -i^x.^l -^(^2(Xi)))|5, 

where all the pairs (X, 6) belong to LI5 and (X, 6) are arbitrary extensions of 
(X, 6) from S to M. The existence of such extensions follows from the fact 
that S is an embedded submanifold, and the independence of the bracket 
(13. 2j) of the choice of the extensions follows easily if the extensions are ex- 
pressed via a local basis of L and the axioms of a Lie algebroid are used 
|11|. 

Accordingly, G = ker p is a bundle of Lie algebras such that 

(3.3) O^G^L\s^TS ^0 

is an exact sequence with projections p onto 5*, while S is endowed with the 
presymplectic (closed) 2-form zu = u!^. 

As in j2ni UH); each splitting 7 : TS L\s produces geometric data 
(H, a, L) on the total space of the dual bundle G* with the foliation by fibers 
V. Namely: i) Ti is the horizontal bundle of the dual of the connection 
defined on G by the formula 

(3.4) VxV = biX),v]s, X e TTS, v G TG, 
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ii) cr is the 2-form evaluated, at 2 G G*, on horizontal lifts Xi, X2 of Xi, G 
YTS, by 



(3.5) a,(A'i,A'2) =tJ7p(,)(Xi,X2)-2([7(Xi),7(X2)]-7[^i,X2]), 

iii) L is the family of Lie-Poisson structures of the fibers of G*. 

The only difference between this situation and that of Vorobiev [20] is 
that w may degenerate. But, the arguments and computations of Vorobiev's 
case, as described in ^H] are still valid, and they show that the triple (7i, a, L) 
satisfies the integrability conditions i)-iv) of Proposition l2.4l Therefore, there 
exists a corresponding coupling Dirac structure £(5*, 7) on the manifold G*, 
and we call it an associated Dirac structure of L along S. 

Let vS be a normal bundle of the leaf S {TsM = uS © TS) . Then, the 
reconstruction formula p.l6|) shows that 

(3.6) L\s = {(X, b^X + A) / X e TS, X G iy*S}, 
where b^X is the 1-form defined by 

f w(X,Z), ifZeTS, 

and we have a splitting 7 given by 

(3.8) 7(^) = {X,KX). 

On the other hand, ()3.6|) shows that we may identify the bundle G* 
with uS. Namely, we have G = 1^*3 = annTS, and G Hom{annTS,'E.) 
identifies with Y e uS defined by X{Y) = e(A), VA G annTS. We will 
say that the Dirac structure associated with L by the splitting (|3.8p is the 
associated, normal Dirac structure C{S, uS). 

We want to find a convenient local coordinate expression of C{S,h'S). 
For this purpose, around the points of 5* and after the choice of the normal 
bundle uS, we take local coordinates (x",?/"), where a (and similar indices 
b, c) takes the values 1, codim S and u (and similar indices v, w) takes the 
values 1, dim S, such that 5* is locally defined by the equations y"' = and 



^gg^ TS = span{^\yt^o}, i/^ = span |^|^.=o} , 

T*S = span { fix" Lfc =0)5 = span{dy°-\yb^Q}. 
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Then, Theorem 3.2 of [H] tells us that the Dirac structure L has local 
bases of the form 



T^u ( Qr^u ~\~ y^'dv^i ^uvi^-c^ y)dx 

(3.10) ; 

where a™ (a;, 0) are the components of the 2- form w and 

(3.11) Ai{x, 0) = 0, 5'**(x, 0) = 0. 

Remark 3.2. As a matter of fact the proof given in 9J holds to show that, 
for any maximal isotropic subspace L (1 W (B W* where W is an arbitrary 
vector space, there are bases of the form 

(3.12) (/„ + 4/,,a™A^), (B'^'h^ip'-A^X^), 

where (/„) is a basis of L+, (fa) is a basis of an arbitrary complement of L+, 
(A") is the dual basis of (/„) and {ip'^) is the dual basis of (/a). 

It follows that the local basis of the Lie algebra bundle G ^ u*S given in 
fl3.9j) may be seen as (V°|y6=o) and the local basis of •yiTS) is {'Hu\yb=o). Using 
(13. mi . which implies the vanishing of the derivatives of the same functions 
with respect to on S, and the closedness of the 2-form zu, we get for the 
brackets of the elements of these bases the expressions 



(3.13) ^ =° ^ ■ 



yb=0 

Accordingly, as in ^H] , we get the following expressions of the geometric 
data that define the Dirac structure C{S, uS) 

d BA"" d 
(3.14) n = span{X^ = — + -Q^v'^Jy^^o, 



(3.15) 



(x, 0) 



dou 
dy" 



yb=0 



17 



where (77°) are fiber coordinates on vS. 

If we use tlie previous formulas and (j2.15p we get a canonical, local basis 
of type ()3.1Up for £(5, pS) namely, 

(3.17) ^^^^^ ^ a 8A^ c u \ 

From (j3.17j) . we see that 5, seen as the zero section of vS endowed with the 
2-form cu, is a presymplectic leaf of C{S,uS). Moreover, we see that the 
structure C{S, vS) along S" is a linear approximation of the Dirac structure 
L along S. 

For a Poisson structure P, Vorobiev proved that the Poisson structures 
£(5*, pS) defined by different normal bundles vS are equivalent in neighbor- 
hoods of S j2ni CHI- We will see below why his proof does not apply in the 
general Dirac case, and indicate a particular case where it works. 

The choice of the normal bundle vS is equivalent with the definition of 
a projection epimorphism vr : T5M TS (tt^ = tt) namely, vS = ker tt. A 
second normal bundle u'S corresponds to a second epimorphism vr' : T5M — *■ 
TS, and ttj = (1 — t)TT + tn', t G M, defines a homotopy between the normal 
bundles uS (t = 0) and u'S (t = 1) by a family of normal bundles utS. 

Furthermore, there exists a bundle isomorphism $1 : uS v'S defined 

by 

$i(r) =r-7r'(y), YevS. 

Similarly, we have isomorphisms 

$^ = t^^ - (1 - t)Id : vS VtS. 

On each z/^S* we have a Dirac structure Ct{S, VtS), and we may puUback all 
these structures to vS by ^t^. 

On G* seen as the fixed normal bundle vS, this exactly provides the homo- 
topy considered by Vorobiev [201111] between the Dirac structures £(5", 7), 
($j"^)*(£(S', 7')), where 7,7' are the splittings of the exact sequence ()3.3p 
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associated with uSju'S by (|3.8|) . Indeed, formula (|3.8|) implies that the G- 
valued difference form = 7' — 7 is given by 



(3.18) 



0(X) = itiX)w) on' e annTS (X G TS), 



and, if we write the same form for vr^ instead of tt' we get the form tcf). 
In the Poisson case, Vorobiev's proof is based on the 1-form 



(3.19) i^Y{X) =< 0(X), Y >= ro(X, tt'Y), Y euS = G*, X e TS, 



defined on the total space of the bundle uS, where X is the horizontal lift of 
X by the connection ()3.4|) . The horizontal, time dependent, tangent vector 
field of uS that satisfies the condition \)at'^t = has a flow which, at 
time 1, yields the required equivalence pUl ITH]. 

In the general Dirac case, the form exists but, the vector field may 
not exist since the form at is no more non degenerate. 

Let us refer to the particular case of a Dirac structure L such that the 
field of planes K = Ld TM has a constant dimension k. Since L is closed by 
the Courant bracket, K is involutive, therefore, tangent to a foliation /C, the 
leaves of which are submanifolds of the presymplectic leaves of L. A Dirac 
structure with the previous property will be called locally reducible, because 
if the stronger property that the leaves of JC are the fibers of a fibration holds 
the Dirac structure is reducible [12]. For a locally reducible Dirac structure 
the local coordinates (x") used to get the canonical bases of L given by (j3.1(J|) 
may be taken under the form (x*^, z^) [s = 1, ..,k, e = 1, ...dim S — k), where 
x'^ = const, define the leaves of /C and {z'"^) are coordinates along these leaves. 

Proposition 3.3. Let L be a locally reducible Dirac structure, x E M and 
S the presymplectic leaf through x. Then, there exists a neighborhood of x 
where L has local bases of the form 



the coefficients A, B vanish at = and aef{x, 0) are the local components 
of the presymplectic 2- form w of S . 



(3.20) 




af^ + A\{x, y)^, aef{x, y)dxf^ , 
B''\x,y)^,dy^ - A%x,y)dxfy 



V = 
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Proof. By the definition of K and of the local coordinates that we use, Zs & L 
and must be gf-orthogonal to the vectors of the basis (|3.1(J|) . This happens iff 
()3.10|) are of the form ()3.20|) . where, a priori, the remaining coefficients may 
depend on all the coordinates {x,y,z). But, since L is closed by Courant 
brackets, [Zs,T-Ce], [Zs,V"'] must be ^f-orthogonal to Zs^Tie and this implies 

^ = 0,^ = 0,^ = 0. 

□ 

Now, it is easy to prove the following proposition: 

Proposition 3.4. Let L he a reducible Dirac structure and S an embedded 
presymplectic leaf of L. Then, the associated, normal Dirac structures defined 
by any two normal bundles of S are equivalent. 

Proof. If : M ^ M/JC is the reducibility fibration, the vectors T-le,V°' of 
the canonical bases ()3.20|) are ^/'-projectable and their projections define a 
Poisson structure A on M/ K. for which S/ K. is an embedded symplectic leaf. 
(This is a well known result [H Ej- The structure A is Poisson because, 
on S*, = kevcu, hence, the matrix (oe/) of ()3.2()j) has a maximal rank.) 
Moreover, the projections of the vectors of ()3.20j) yield a normal bundle 
oi S/K C M//C and, because the computation of the Courant brackets of 
Tiei oil ^ and on M/ K, is the same, the associated, normal Dirac structure 
of L along S and that of the projected Poisson structure A of M/fC along 
S/K, correspond each to the other by ip. If we act like that for two normal 
bundles of 5, we get two associated, normal Poisson structures of A, which are 
Poisson equivalent by Vorobiev's theorem j^OlCHl- This Poisson equivalence 
lifts to an equivalence of the associated, normal Dirac structures of L. (The 
triples that define the associated structures on M and on M//C have the 
same local coordinate expressions with respect to the bases (j3.2(Jj) and their 
projections.) □ 



4 Submanifolds of Dirac manifolds 

In this section we will show that the almost-coupling and coupling conditions 
are also significant for single submanifolds A^^ of a Dirac manifold (M**, L) 
(a differentiable manifold M with a fixed Dirac structure L), as opposed to 
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a whole foliation T . For simplicity, we will assume that the submanifold 
is embedded. Where possible, we will continue to use the notation of the 
previous sections. 

We begin by recalling that Dirac structures may be both pulled back and 
pushed forward pointwisely (e.g., see If : iV — > M is a differentiable 

mapping between arbitrary manifolds and L(M) is a Dirac structure on M 
then, Vx G A^, 

(4.1) (0*(i^(M))). = {(Z, <\>*a) /ZeT^M.ae T;^,)M, 

is a maximal isotropic subspace of T^N © T*N 

On the other hand, if we have a Dirac structure L{N) on and x & N, 
we have the maximal isotropic subspace 

(4.2) iMHrnm = m,.Z,a)/ae T;^.^)M, (Z,0:.«) e L(iV)J 

Generally, these pointwise operations do not yield differentiable subbun- 
dles. If differentiable Dirac structures L{N),L{M) are related by ()4.H) . 
is called a backward Dirac map, and if the relation is (j4.2|) is a forward 
Dirac map j2]. If is the embedding l : M" of a submanifold and if 

L{N) = L*{L{M)) is differentiable, L{N) must be integrable, and it defines 
a Dirac structure on iV Indeed, L{N) is equivalent in the sense of ()1.11|] 
with the field of planes 

(4.3) L(iV)+,. = {Ze T,N I 3« G T;M, (Z, a) G L(M) J 

= L(M)+,, n T,.iv = r,.(S(L(M))) n r,.iv 

(S* denotes presymplectic leaves), endowed with the 2- form lJi^^'^ induced by 
^L(A/)^ Obviously, if (j4.3|) is a differentiable distribution, it is integrable and 
uj^^^ is closed. In what follows, if the induced Dirac structure L{N) = l*{L) 
is differentiable, we will call a proper submanifold of (M, L). 
Along the submanifold A^ of (M, L), we have the field of planes 

(4.4) K{N) = ker b^^^^^ = LiN) n TN 

= {{Z,0)/Ze TNkBa G annTN, {Z,a) G L} 
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= prTN{L n {TN © anriTN)), 

the kernel of the induced structure L{N). If L is defined by a Poisson bivec- 
tor field P G V^(M), a proper submanifold with kernel zero has an induced 
structure L{N) provided by a Poisson bivector field 11 e V^(A^). Such sub- 
manifolds were studied in j3] under the name of Poisson-Dirac submanifolds. 

On the other hand, if <. : iV M is a submanifold of (M, L) and i^N is 
a normal bundle, we may use the push forward construction ()4.2|) along 
and get a maximally isotropic subbundle pr^L C TN (BT*N given by 

(4.5) pr^L = {{prTNZ,prT*Na) / {Z,a) G L\n}, 

where the involved projections are those of the decomposition TjqM = vN ® 
TN. Obviously, this subbundle is different iable. A pair (A^, uN) is called a 
normalized submanifold ^7], and, along it, one has adapted local coordinates 
of M like those that appear in ()3.9|) . In the present case, if ptnL of ()4.5|) is 
also integrable, it yields a Dirac structure and we will say that (A^, uNjPTnL) 
is a submersed submanifold of (M, L). 
Now, like in Definition 12.11 we define 

Definition 4.1. The pair (NjuN) is a properly normalized submanifold of 
the Dirac manifold (M, L) if 

(4.6) L\n = L^N © Ltn, 
where 

(4.7) L^N = Ln {uN © i^*Ar), LTN = Lr] {TN © T*Ar). 

Proposition 4.1. y4 properly normalized submanifold (NjUN) of a Dirac 
manifold (M, L) is simultaneously proper and submersed and has the difjer- 
entiable, Dirac structure 

(4.8) L{N)=i\L)=prNL, 

where the projection is defined by the decomposition T^^M = uN © TN. 
Proof. It is easy to understand that condition ()4.6|) is equivalent with 

(4.9) iZ,e) G ^ iprTNZ,prT^^e) G L\^. 

Accordingly, the pair defined by {Z,6) G L in i*{L) is the same as that 
defined by (Z, pry.jv^) and may be identified with the latter. This justifies 
the equalities (j4.8j) and proves the proposition. □ 
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Remark 4.1. If L = L{P) where P is a Poisson bivector field, condition 
(|4.6|) reduces to the almost-couphng condition of the Poisson case (see the 
beginning of Section 2 or ^H]) and the manifold is a Poisson-Dirac suhman- 
ifold with a Dirac projection in the sense of |5j. 

Furthermore, along any submanifold of (M, L) we may define a field 
of subspaces Hrc{L,N), x E N hj formula (|2.1(J|) with condition a G annF^ 
changed to a G ann T^N. This leads to a notion that corresponds to coupling 
namely. 

Definition 4.2. The submanifold is a cosymplectic submanifold of the 
Dirac manifold (M, L) if, Vx G N, T^M = H^{L, N) © T^N. 

The reason for this name is that if L = L{P) for a Poisson bivector field 
P then iV is a cosymplectic submanifold in the sense of |22|- Obviously, now, 
all the results stated in Proposition 12.21 are true along A^. In particular, Ll^v 
has the expression ()2.15|) (with F* replaced by T*N) and the induced struc- 
ture L{N) is Poisson and defined by the bivector field 11 of ()2.15|) . 

In what follows, we define a restriction of the Courant bracket of L to a 
submanifold t : N ^ {M,L). Like for Poisson-Dirac submanifolds we 
may define 

(4.10) An{M,L) = {{X,a) e L\n / X eTN}, 
which is important because, by ()4.H) . we have 

(4.11) L{N) = i*{L) = {{X, i*a) / {X, a) G An{M, L)}. 

Even though A]\f{M,L) may not be a vector bundle, we will consider the 
real, linear space rAN{M,L) of differentiable cross sections of An{M,L) 
(which may be zero). Using a partition of unity that consists of a tubular 
neighborhood of and open sets that do not intersect A^, it follows easily 
that any cross section {X,a) G rA]^{M, L) admits extensions {X,a) G PL. 
Accordingly, on TAj^ilM, L) we may define a bracket 

(4.12) [(X, a), (Y, P)U = ([(X, a), (Y, 

Proposition 4.2. The bracket ()4.12j) is well defined and, together with the 
projection p{X,a) = X, yields a structure of Herz-Reinhart Lie algebra over 
{R,C°^{N)) on TAn{M,L). 
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Proof. In order to prove that the bracket (|4.12j) does not depend on the choice 
of the extensions it suffices to prove that it vanishes if, say, (Y, (3) = (0, 0) 
(see the proof of Theorem 2.1 of [llj). If 

n 
i=l 

where {Bi,9i) is a local basis of L and Xi\N = 0, and since X E V^(A^), we 
get 

n n 

([(X,a),(f,/3)]z.)U = J](A.[(^,«),(5.,^.)]l)U + J](XA,)(5,,^,)U = 0. 

i=l i=l 

The last assertion of the proposition is obvious if we recall that a Herz- 
Reinhart Lie (HRL) algebra (a pseudo-Lie algebra in the sense of TZ over 
{M.,C°°{N)) is a real Lie algebra, which is a C°°(A^)-module endowed with 
a homomorphism p : TZ V^{N), such that the properties of the algebra of 
global cross sections of a Lie algebroid hold. □ 

Furthermore, the mapping {X, a) ^— (X, L*a) defines a HRL-algebra mor- 
phism 

(4.13) L* : TAn{M, L) T{L{N)) {L{N) = l*{L)) 
and ker = F (L fl ann TN) . 

Proposition 4.3. If{N, vN) is a properly normalized submanifold of{M, L), 
A]^{M, L) is a differentiable field of subspaces of the fibers ofTN © T^M. 

Proof. For any (X, a) G A]\f{M, L), we may write 

n 

(4.14) {X,a) = ^\i{prTNBi,prT*NOi) + (0,pr^*Ara), 

i=l 

where {Bi,9i) is a local basis of Ll^v- Hence, the local cross sections of 
An{M,L) are spanned by differentiable cross sections. □ 

As a consequence of Proposition 14.31 and of formula ()4.1H) . in the case 
of a properly normalized submanifold the morphism is surjective, and we 
have the following exact sequence of HRL-algebras 

(4.15) ^ T{LnannTN) TAn{M,L) T{L{N)) 0. 
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Along a properly normalized submanifold (NjuN), all the vector fields 
and differential forms split into TN and i/A^-components, and we may iden- 
tify rT*N with the space of the tangent components of 1-forms in TT^M. 
Accordingly, we may write a decomposition formula 

(4.16) [(X, A), (F, fx)]A = [(X, A), (y, + (0, A), (Y, /i))), 
where A,/i G prr^NiT^M), B{{X, A), e z/*iV and VZ e i^X one has 

(4.17) i?((X, A), (r,^))(Z) = ZCX{Y)) - X{[Z,Y])+f,{[Z,X]), 

where Z is an extension of Z to M. The result does not depend on the choice 
of the extension Z because B {{X , X) , (Y, fi)) is a 1-form. By an analogy 
with Riemannian geometry to be explained below, we call B the second 
fundamental form of {N, vN). 

Let X be a Poisson-Dirac submanifold of the Poisson manifold {M,P), 
which is properly normalized by the normal bundle uN and has the induced 
Poisson structure 11. Then, the kernel condition K{N) = (see ()4.4|) ) be- 
comes 

(4.18) TNn^p{annTN) =0, 
or, by passing to the annihilator spaces, 

(4.19) annTN + A^(M, P) = T^M, 
where 

(4.20) An{M, P) = {^e T*^M I %pi G TX} 

= ann{\\p{annTX)) ^ An{M,L{P)). 
Furthermore, the bracket ()4.12j) produces a bracket of 1-forms 

(4.21) {a,f3}A = {aJ}p\N e TT;,M («,/?€ rT*X), 

where the P-bracket is that of the cotangent Lie algebroid of (M, P) and 
tilde denotes extension to M. Formula ()4.16|) becomes 

(4.22) {a,P}A = {a,P}n + Bia,P), 



25 



where the second fundamental form B is given by 

(4.23) B{a,f3){Z) = -{L^P)\r,{a, (3), Z = e TvN. 

Now, the Riemannian terminology used above is justified as follows. A 
Riemannian metric g of the Poisson manifold (M, P) yields a canonical Rie- 
mannian, contravariant derivative [Ij. This is a cotangent-Lie algebroid- 
connection on TM which preserves the metric and has no torsion i.e., 

(4.24) (tlp7)(^7(a, /?)) = g{D^a, /?) + g{a, D^P), 



(4.25) Dj:P-D^a = {a,/3}p, 

for all a,/3,7 G Q^M. This operator is provided by the usual algebraic trick 
that derives the Riemannian connection from the metric, and the result is 

2giD^P,^) = (tlpa)(^7(/3,7)) + (M)(^7(7,«)) - i^Pl)igia, (3)) 
+5'({a, /3}p, 7) + fi'({7, a}p, P) + fi'({7, f3}p, a)- 

Now, assume that (A^, uN = T-'-^N) is a properly normalized Poisson- 
Dirac submanifold with the induced Poisson structure 11. Then has its 
own canonical operator on T*N and, also, a contravariant derivative 
D^'^ defined by 

(4.27) Df'^/3=(D^/3)U, a,(3eTT*N, 

where a, (3 are extensions of a, (3. It follows easily from (j4.26p that the result 
of ()4.27|) does not depend on the choice of the extension. The formula 

(4.28) = + ^(a, /3), Psi eV ®^ TM, 

is a Gauss-type equation and \1' is the g- second fundamental form of A^. But, 
()4.24|) shows that \1' is determined by the form B of ()4.22|) . Namely, we get 

(4.29) -2g{^{a, /5), 7) = g{B{a, /5), 7) + ^7(^(7, «),/?) + g{B{^, /3), a). 
The tensor field ^ is not symmetric and its skew-symmetric part is (1/2)5. 
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Remark 4.2. For any normalized submanifold (A^, uN) of any manifold M, 
there exist Riemannian metrics g of M such that uN = T-^^N. To get one, it 
suffices to define it along A^, then extend to M along an open covering that 
consists of a tubular neighborhood of N and of sets that do not intersect N 
via a partition of unity. Then, if M is endowed with a Poisson structure P, it 
follows easily that (A^, uN) is a properly normalized Poisson-Dirac submani- 
fold iff is invariant by $ = ^po\)g. In particular, if M is a Kahler manifold, 
$ is the complex structure tensor and the properly normalized Poisson-Dirac 
submanifolds are the complex analytic submanifolds of M. 

Proposition 4.4. A cosymplectic submanifold N of a Dirac manifold (M, L) 
has a vanishing second fundamental form. 

Proof. For a cosymplectic submanifold A^, Corollarv l2. ll holds for TN instead 
of F and, in particular, LHannTN = 0. Then, by (jO)), (X, a) e An{M, L) 
implies (0,pry*7va) G L, hence, we must have pr^*N(y = 0. Therefore, 
A]sf{M, L) = L{N), is an isomorphism, and B = 0. □ 

Definition 4.3. A submanifold A^ of a Dirac manifold (M, L) which has 
a normal bundle uN such that (A^, uN) is properly normalized and has a 
vanishing second fundamental form will be called a totally Dirac submanifold. 

In the Poisson case, these submanifolds were called Dirac or Lie-Dirac 
[S]. We took the term totally from Riemannian geometry (totally geodesic 
submanifolds) . 
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